The Hilali conjecture on product of spaces by Yokura, Shoji
ar
X
iv
:1
91
2.
03
85
0v
1 
 [m
ath
.A
T]
  9
 D
ec
 20
19
THE HILALI CONJECTURE ON PRODUCT OF SPACES
SHOJI YOKURA
Abstract. The Hilali conjecture claims that a simply connected rationally elliptic space X
satisfies the inequality dim(pi∗(X)⊗Q) ≦ dimH∗(X;Q). In this paper we show that for any
such space X there exists a positive integer n0 such that for any n ≧ n0 the strict inequality
dim(pi∗(X
n)⊗Q) < dimH∗(X
n;Q) holds, where Xn is the product of n copies of X.
1. Introduction
The most important and fundamental topological invariant in geometry and topology is
the Euler–Poincare´ characteristic χ(X), which is defined to be the alternating sum of the
Betti numbers βi(X) := dimHi(X;Q):
χ(X) :=
∑
i≧0
(−1)iβi(X),
provided that each βi(X) and χ(X) are both finite. Similarly, for a topological space whose
fundamental group is an Abelian group one can define the homotopical Betti number βpii (X) :=
dim(pii(X)⊗Q) where i ≧ 1 and the homotopical Euler–Poincare´ characteristic:
χpi(X) :=
∑
i≧1
(−1)iβpii (X),
provided that each βpii (X) and χ
pi(X) are both finite. The Euler–Poincare´ characteristic is
the special value of the Poincare´ polynomial PX(t) at t = −1 and the homotopical Euler–
Poincare´ characteristic is the special value of the homotopical Poincare´ polynomial P piX(t) at
t = −1:
PX(t) :=
∑
i≧0
tiβi(X), χ(X) = PX(−1),
P piX(t) :=
∑
i≧1
tiβpii (X), χ
pi(X) = P piX(−1).
From now on any topological space is assumed to be path-connected, unless otherwise
stated. The well-known Hilali conjecture [2] claims that for a simply connected rationally
elliptic space X (i.e.., both dim(pi∗(X)⊗Q) <∞ and dimH∗(X;Q) <∞), then
dim(pi∗(X) ⊗Q) ≦ dimH∗(X;Q), namely, P
pi
X(1) ≦ PX(1).
Here pi∗(X)⊗Q :=
∑
i≧1 pii(X)⊗Q and H∗(X;Q) :=
∑
i≧0Hi(X;Q). No counterexample to
the Hilali conjecture has been so far found yet.
In this paper we show that for a simply connected rationally elliptic space X there exists
a positive integer n0 such that for ∀ n ≧ n0
dim(pi∗(X
n)⊗Q) < dimH∗(X
n;Q).
Here Xn is the product Xn = X × · · · ×X︸ ︷︷ ︸
n
.
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Remark 1.1. In the Hilali conjecture a topological space X is required to be simply con-
nected, i.e., the fundamental group is trivial, pi1(X) = 0. One of the reason of this requirement
is that in general the fundamental group is not an Abelian group, thus one cannot define ten-
soring pi1(X)⊗Q. In fact, you do need the condition of simply connectedness. The well-known
counterexample is S1 ∨ S2. Since H0(S
1 ∨ S2) = H1(S
1 ∨ S2) = H1(S
1 ∨ S2) = Z, hence
dimH∗(S
1 ∨ S2;Q) = 3. However pi1(S
1 ∨ S2) = Z (thus S1 ∨ S2 is not simply connected)
and pi2(S
1 ∨ S2) = Z∞. So dimpi∗(X) ⊗ Q = ∞. Hence S
1 ∨ S2 is not rationally elliptic.
So, a naive question is if the Hilali conjecture still holds for a rationally elliptic space whose
fundamental group is an Abelian group.
2. Poincare´ polynomial and homotopical Poincare´ polynomial
The Poincare´ polynomial PX(t) is multiplicative in the following sense:
PX×Y (t) = PX(t)× PY (t),
which follows from the Ku¨nneth Formula:
Hn(X × Y ;Q) =
∑
i+j=n
Hi(X;Q) ⊗Hj(Y ;Q).
The homotopical Poincare´ polynomial P piX(t) is additive in the following sense:
P piX×Y (t) = P
pi
X(t) + P
pi
Y (t),
which follows from
pii(X × Y ) = pii(X)× pii(Y ) = pii(X)⊕ pii(X) and (A⊕B)⊗Q = (A⊗Q)⊕ (B ⊗Q).
Here, for a later use, we compute the Poincare´ polynomial and homotopical Poincare´
polynomial of spheres. The following are well-known results (due to Serre Finiteness Theorem
[3, 4]):
pii(S
2k)⊗Q =


Q i = 2k
Q i = 4k − 1
0 i 6= 2k, 4k − 1
pii(S
2k+1)⊗Q =
{
Q i = 2k + 1
0 i 6= 2k + 1
Hence we have that
(2.1) P pi
S2k+1
(t) = t2k+1 andPS2k+1(t) = t
2k+1 + 1.
Thus we have
P piS2k+1(t) < PS2k+1(t) for ∀t.
However we have
(2.2) P pi
S2k
(t) = t4k−1 + t2k andPS2k(t) = t
2k + 1.
Hence we have 

P pi
S2k
(t) < PS2k(t), t < 1
P pi
S2k
(t) = PS2k(t), t = 1
P pi
S2k
(t) > PS2k(t), t > 1
2
3. The Hilali conjecture on products of spheres
It is known that the Hilali conjecture holds for products of spheres. In this section, first
we show the following more general statement, using the multiplicativity of the Poincare´
polynomial and the additivity of the homotopical Poincare´ polynomial observed above.
First we observe that for a pathconnected space X dimH∗(X;Q) = 1 if and only if X is ra-
tionally homotopy equivalent to a point, which is due to the fundamental fact that X ∼Q Y
if and only if the Sullivan’s minimal models MX and MY are isomorphic. Another sim-
pler argument is using the well-known Whitehead–Serre Theorem [1, Theorem 8.6]. Indeed,
dimH∗(X;Q) = 1 for a pathconnected space X is equivalent to (aX)∗ : H∗(X;Q)→ H∗(pt) =
Q being an isomorphism, where aX : X → pt is the map to a point. Thus it follows from
the Whitehead–Serre Theorem that (aX)∗ : pi∗(X)⊗Q→ pi∗(pt)⊗Q = 0 is an isomorphism.
Therefore we get the following strict inequality
(3.1) 0 = dim(pi∗(X)⊗Q) < dimH∗(X;Q) = 1, namely 0 = P
pi
X(1) < PX(1) = 1
Proposition 3.2. Let Xi (1 ≦ i ≦ n) be a rationally elliptic space such that the fundamental
group is an Abelian group, then X1×· · ·×Xn is also rationally elliptic, and if P
pi
Xi
(1) ≦ PXi(1),
then P piX1×···×Xn(1) ≦ PX1×···×Xn(1).
The above observation (3.1) implies that ifXi (1 ≦ i ≦ k) satisfies PXi(1) = dimH∗(Xi;Q) ≧
2 and Xj (k + 1 ≦ j ≦ n) satisfies PXj (1) = dimH∗(Xj ;Q) = 1, thus P
pi
Xj
(1) = 0, then we
have
P piX1×···×Xn(1) = P
pi
X1×···×Xk
(1) + P piXk+1(1) + · · · + P
pi
Xn(1) = P
pi
X1×···×Xk
(1).
PX1×···×Xn(1) = PX1×···×Xk(1) × PXk+1(1)× · · · × PXn(1) = PX1×···×Xk(1).
(Namely, taking the product by a space Z satisfying dimH∗(Z;Q) = 1 does not change the
value of P pi
•
(1) and P•(1).) Therefore, to prove the proposition, we can assume that for each
Xi we have PXi(1) ≧ 2. Since P
pi
X1×···×Xn
(1) = P piX1(1) + · · · + P
pi
Xn
(1) and PX1×···×Xn(1) =
PX1(1) · · · PXn(1), this proposition follows from the following elementary lemma.
Lemma 3.3. Let ai, bi (1 ≦ i ≦ n) be real numbers such that ai ≦ bi and 2 ≦ bi for each i.
Then we have
a1 + a2 · · ·+ an ≦ b1b2 · · · bn.
In particular, we have
b1 + b2 + · · ·+ bn ≦ b1b2 · · · bn.
Proof. A proof is easy, but for the sake of completeness we write a proof. Let n = 2. Since
a1 ≦ b1 and a2 ≦ b2, we have a1 + a2 ≦ b1 + b2.
b1b2 − (b1 + b2) = (b1b2 − b1 − b2 + 1)− 1
= (b1 − 1)(b2 − 1)− 1
≧ 1 · 1− 1 = 0 (because bi ≧ 2, thus bi − 1 ≧ 1)
Hence b1 + b2 ≦ b1b2. Therefore we have a1 + a2 ≦ b1b2. Now, suppose that we have a1 +
a2 + · · · + an−1 ≦ b1b2 · · · bn−1. Since 2 ≦ b1b2 · · · bn−1, by applying a1 + a2 ≦ b1b2 to the
inequalities a1 + a2 + · · ·+ an−1 ≦ b1b2 · · · bn−1 and an ≦ bn we get
(a1 + a2 + · · ·+ an−1) + an ≦ (b1b2 · · · bn−1)bn,
namely we get a1 + a2 · · · + an ≦ b1b2 · · · bn. 
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As an application of the above proposition we can see that the Hilali conjecture holds for
the product of a finite family of spheres of dimension ≧ 2. (Note that we need that the
dimension of each sphere is ≧ 2 because in the Hilali conjecture a space has to be simply
connected.) It follows from (2.1) and (2.2) above that for any sphere Sn of any dimension n
we have
P piSn(1) ≦ PSn(1) and PSn(1) = 2.
Therefore the following corollary follows from Proposition 3.2:
Corollary 3.4. The Hilali conjecture holds for the product Sn1×Sn2×· · ·×Snr of any finite
family of spheres Sni of any dimension ≧ 2:
P piSn1×Sn2×···×Snr (1) ≦ PSn1×Sn2×···×Snr (1).
Hence the Hilali conjecture also holds for any topological space S which is homotopy equivalent
to such a product of spheres:
P piS (1) ≦ PS(1).
Remark 3.5. It is clear that the above inequalities hold even if we do not require the
dimension of each sphere to be ≧ 2.
We can get the following corollary from the above Proposition 3.2 and the above remark:
Corollary 3.6. Let X be a rationally elliptic space such that its fundamental group is an
Abelian group. Then Xn := X×X×· · ·×X is also rationally elliptic, and if P piX(1) ≦ PX(1),
then P piXn(1) ≦ PXn(1).
4. Hilali conjecture “modulo product”
Motivated by the above Corollary 3.6, from the multiplicativity of the Poincare´ polynomial
PX(1) and the additivity of homotopical Poincare´ polynomial P
pi
X(1) we can get the following
theorem from an elementary calculus fact:
Theorem 4.1 (Hilali conjecture “modulo product”). Let X be a rationally elliptic space such
that its fundamental group is an Abelian group. Then there exists some integer n0 such that
for ∀ n ≧ n0 the following strict inequality holds:
dim(pi∗(X
n)⊗Q) < dimH∗(X
n;Q), i.e., P piXn (1) < PXn(1).
Proof. Since X is rationally elliptic, for any integer Xn is also rationally elliptic.
If PX(1) = 1, then it follows from (3.1) that P
pi
X(1) = 0, hence for any integer n ≧ 1 we
have
0 = P piXn(1) < PXn(1) = 1.
So, suppose that PX(1) ≧ 2. The multiplicativity of the Poincare´ polynomial PX(1) and the
additivity of homotopical Poincare´ polynomial P piX(1) imply the following
P piXn(1)
PXn(1)
=
nP piX(1)
(PX(1))n
.
Since PX(1) ≧ 2,
1
PX(1)
< 1. Thus it follows from the elementary calculus1 that
lim
n→∞
n
( 1
PX(1)
)n
= 0.
1If |r| < 1, we have lim
n→∞
nr
n = 0.
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Therefore, whatever the value P piX(1) is, we obtain
lim
n→∞
nP piX(1)
( 1
PX(1)
)n
= lim
n→∞
nP piX(1)
(PX(1))n
= 0.
Hence there exists some integer n0 such that for all n ≧ n0
P piXn(1)
PXn(1)
=
nP piX(1)
(PX(1))n
< 1.
Therefore there exists some integer n0 such that for all n ≧ n0
P piXn(1) < PXn(1).

Definition 4.2. Let X be a rationally elliptic space such that its fundamental group is an
Abelian group.
(1) The minimum integer n0 such that
P piXn0 (1) < PXn0 (1)
shall be called the “homology-rank-dominating” power of X and denoted by p0(X).
(2) The minimum integer n0 such that
P piXn0 (1) ≦ PXn0 (1)
shall be called the “homology-rank-almost-dominating” power of X and denoted by
p(X).
Remark 4.3. Since P piXn0 (1) and PXn0 (1) are both homotopy invariant, the powers p0(X)
and p(X) are both homotopy invariants
Remark 4.4. The Hilali conjecture claims that the “homology-rank-almost-dominating”
power p(X) is always 1.
Example 4.5. Let n be any positive integer. Since P pi
S2n
(1) = 2 and PS2n(1) = 2, we have
P piS2n×S2n(1) = 2 + 2 = 4, PS2n×S2n(1) = 2× 2 = 4,
P piS2n×S2n×S2n(1) = 2 + 2 + 2 = 6, PS2n×S2n×S2n(1) = 2× 2× 2 = 8.
Hence we have
p0(S
2n) = 3 and p(S2n) = 1.
Example 4.6. Let n,m be any positive integers. Since P pi
S2n×S2m
(1) = 2 + 2 = 4 and
PS2n×S2m(1) = 2 + 2 = 4, we have
P pi(S2n×S2m)×(S2n×S2m)(1) = 4 + 4 = 8, P(S2n×S2m)×(S2n×S2m)(1) = 4× 4 = 16.
Hence we have
p0(S
2n × S2m) = 2 and p(S2n × S2m) = 1.
Remark 4.7. If the Hilali conjecture is correct, then we have the following:
(1) if dim(pi∗(X) ⊗Q) < dimH∗(X;Q), then p0(X) = 1.
(2) if dim(pi∗(X) ⊗Q) = dimH∗(X;Q) = 2, then p0(X) = 3.
(3) if dimH∗(X;Q) ≧ 3 and dim(pi∗(X)⊗Q) = dimH∗(X;Q), then p0(X) = 2.
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5. A final remark
If we plug in t = −1 in the two equations (2.1) and (2.2) in §2, we get the following
(5.1) P pi
S2k+1
(−1) = −1 < PS2k+1(−1) = 0,
(5.2) P piS2k(−1) = 0 < PS2k(−1) = 2.
Therefore, for the product Sn1 × Sn2 × · · · × Snr of any finite family of spheres Sni we have
(5.3) P piSn1×Sn2×···×Snr (−1) ≦ 0 and 0 ≦ PSn1×Sn2×···×Snr (−1).
Thus we get the following :
Corollary 5.4. For the product Sn1 × Sn2 × · · · ×Snr of any finite family of spheres Sni we
have
P piSn1×Sn2×···×Snr (−1) ≦ PSn1×Sn2×···×Snr (−1).
Hence for any topological space S which is homotopy equivalent to such a product of spheres,
we have
P piS (−1) ≦ PS(−1).
By the definition it is clear that P piX(0) < PX(0). Since −1 is symmetric to 1 as to 0, the
above Corollary 5.4 is in fact a special case of the following proposition, which is a “mirror
version” of the Hilali conjecture:
Proposition 5.5. ([1, Proposition 32.10]) Let X be a simply connected rationally elliptic
space. Then
χpi(X) ≦ 0 and 0 ≦ χ(X).
Namely we have P piX(−1) ≦ PX(−1) i.e.,∑
i≧1
(−1)i dim
(
pii(X)⊗Q
)
≦
∑
i≧0
(−1)i dimHi(X;Q).
Remark 5.6. It should be noted that in [1, Proposition 32.10] a bit stronger statement is
also given; χpi(X) = 0⇐⇒ χ(X) > 0, in other words χpi(X) < 0⇐⇒ χ(X) = 0. Indeed, for
example, let us consider the above product of finitely many spheresX := Sn1×Sn2×· · ·×Snr ,
in which case χpi(X) = 0⇐⇒ χ(X) > 0 follows from both (5.1) and (5.2).
Remark 5.7. Finally we remark that in [5] we discuss the ratio h(X) :=
PpiX(1)
PX(1)
of a fibration
X of elliptic spaces. Note that if the Hilali conjecture holds, then 0 ≦ h(X) ≦ 1.
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